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Effect of Mach Number on Slender Vehicle Dynamics

LarsE. Ericsson*
Lockheed Missiles & Space Company, Inc., Sunny vale, Calif.

An analytic method has been developed for fast computation of the longitudinal unsteady aerodynamics of
slender axisymmetric bodies. The method is anchored by two well-established theories; the embedded Newtonian
theory for hypersonic speeds and the slender body theory for sonic speed. The computed pitch damping is in
good-to-excellent agreement with available experimental data, and the analytic method should serve well in the
preliminary design of tactical and ballistic missiles.
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parameter defined in Eq. (4)
reference length (c = dB)
body diameter
total body length (see Fig. 1)
sharp-cone length
Mach number
minimum Newtonian Mach number
pitching moment: coefficient Cm

= normal force : coefficient CN = N(p00U2
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= static pressure: coefficient Cp
= (p-p(K)/(pQOU2

00/2)
= pitch rate
= Reynolds number, Reloo = lU^/v^
= reference area =vc2/4
=time
= axial velocity
= velocity component normal to body surface
= axial distance from nosetip (see Fig. 1).
= angle of attack (see Fig. 1).

da
=17
= Prandtl-Glauert compressibility parameter

ratio of specific heats =1.4 for air
cone half-angle
kinematic viscosity of air
air density
azimuth (see Fig. 1)

Subscripts

B =base
CG — center of gravity or oscillation center
eff = effective
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= Newtonian theory
=tangent cone
= slender body
= freestream value

Introduction

A FAST computational method is needed to determine the
unsteady aerodynamics of tactical weapons with

sufficient accuracy for preliminary design. The present paper
presents results of a recently completed studyl aimed at
improving the accuracy of existing rapid computational
technology2 for prediction of slender vehicle pitch damping.

The method developed in this paper is anchored by two
well-established theories: the Newtonian theory for hyper-
sonic speeds and the slender body theory for sonic speed. An
analytic theory already exists3>4 for the computation of nose
bluntness effects on hypersonic vehicle dynamics. In the
present paper, simple means are derived, by use of the
tangent-cone approach, whereby the sharp-cone hypersonic
aerodynamics can be corrected for 7-effects to agree with
Method of Characteristics (MOC) results. A similar tangent-
wedge approach was used in Ref. 5 to get Newtonian airfoil
aerodynamics to agree with MOC results. In this manner,
slender vehicle pitch damping can be computed down to
moderate supersonic Mach numbers.

At subsonic speeds, the analytic approach used earlier to
develop rapid computational means for determination of
slender wing dynamics6'7 is applied to slender body
geometries. As the delta wing formed the basis for the slender
wing theory,6'7 so the cone forms the basis for the slender
vehicle analysis. The experimentally measured CNa-variation
with Mach number, corrected for support interference ef-
fects, 8 supplies the means for correcting slender body theory9

for Mach number effects.

Analysis
Two theories have been of great help for the vehicle

designer in the past; slender body theory9 and Newtonian
theory.10 For present day design, however, these simple
theories have proven inadequate because they cannot correctly
account for the effects of Mach number and nose bluntness.
The analytic method described in Refs. 3 and 4 predicts the
change in sharp-cone damping due to nose bluntness effects.
Before the blunted- (and sharp-) cone characteristics can be
determined, knowledge of the sharp-cone dynamic charac-
teristics is necessary. They could be obtained through
numerical methods,11 but that would destroy the simplicity
sought here for preliminary design. The Newtonian method is
valid only in the limiting case of 7-* 1. Reference 5 shows how
to use the tangent-wedge method to correct the Newtonian
method for 7-effects to make it agree with MOC com-
putations. For the cone, one can use a similar approach (the
tangent-cone method) to define the 7-correction, as inviscid
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Fig. 1 Definition of coordinates and parameters.
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Fig. 2 Gamma-correction of Newtonian characteristics.

crossflow effects usually can be neglected at the supersonic
and hypersonic speeds considered here, i.e., MM > M^ .

Gamma-Corrected Newtonian Theory
In the Newtonian formulation, the inviscid flow cone

pressure coefficient is (see Fig. 1 for definition)

(1)

(2)V L I U= cosasin0c + sino:cos0csin<p

Comparing the results of Eq. (1) with those of MOC12

for a = 0 defines a pressure coefficient ratio C7 =
(CP)TC/ (Cp)Newt, which is dependent only upon the
hypersonic similarity parameter M^ sin0c for cone angles in
the range of interest, 2.5 deg <0C<15 deg (see Fig. 2). The
results in Fig. 2 give the following modification of Eq. (1),
valid f or M

) TC = £7 VpNewt

(3)

C7 = 1.01 + 1.31 ,s in0 c)]-™

For oscillations around XCG with the angular rate q rad/s, the
expression for K± /Uis as follows:

V\ . ^ » . (x-xCG+nanOc)q—~ - c'osasm0c +' sinacos0csin^> + ————————-—cos0csm<p

(4)
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a. C = f (M ) ACCORDING TO REF.14

Fig. 3 CNa as a function of Mach number for various cones.

2.0

Fig. 4 Slender cone CNa

Equations (1-4) define the following sharp-cone stability
derivatives:

(5)

tThe critical Mach number M^ is defined as M^ = 0.4 csc0c for a
cone.

Modified Slender Body Theory
In Ref. 6, it was shown how the slender wing theory13 could

be modified to be valid at subsonic Mach numbers down to
incompressible flow, O^M^^l . An equivalent delta wing
was defined which gave the correct normal force derivative
(CNa) at a = 0. To this equivalent delta wing, for which the
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Fig. 5 Effect of nose bluntness on cone CNa.

trailing edge moved forward with decreasing Mach number,
the slender wing formulation was applied. The dynamic
slender wing characteristics obtained in this manner agree well
with available experimental results and with predictions
obtained through more complicated theories (see Ref. 6). It is
natural, of course, to try a similar approach for prediction of
slender-cone dynamics at subsonic speeds.

The normal force derivative CNa measured on slender sharp
cones 14~17 is shown in Fig. 3. Except for a peculiar breakaway
near sonic speed, the data show the expected continuing in-
crease of CNa with increasing subsonic Mach number. It can
be shown that the breakaway is caused by sting interference
effects that are amplified through boundary layer transition
occurring on the aft body near the base.8 Correcting for this
anomaly, as shown, gives the slender cone CNa-variation
displayed in Fig. 4. The Mach number effect can be expressed
as follows:

(CNa) SB =2(1 -0.230*) =2(0.77 + 0.23 Mi) (6)

With CNa determined in this manner, a direct application of
the attached flow analysis of Ref. 6 defines the pitch damping
derivative as follows:

/eff//= (8)

Combining Eqs. (6-8) gives the following subsonic slender-
cone damping:

=~ 2(0.77 + 0.23 A/i)cosa
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Fig. 6 Comparison between theoretical predictions and experimental
results for pitch damping of a slender vehicle.

PRESENT THEORY
—— —— —— TOBAK THEORY

O EXPERIMENT

(9)

Fig. 7 Predicted and measured damping of a 10-deg sharp cone.

According to the measurements in Ref. 14, Eq. (8) can be
used also for blunted cones (see Fig. 5). In the present analysis
Eq. (8) is, therefore, used for slender bodies of general shape.

Discussion of Results
The simple analytic predictions obtained are found to be in

very good agreement with available experimental and
theoretical results. In Fig. 6, the results are shown for a
slender body geometry that has been used extensively in the
past as a test for developed theories. The figure is Fig. 2 of
Ref. 18 to which has been added the present results and those
obtained by Lott.19 Also added is the incompressible flow
estimate obtained by in-house use of the Neumann theory.20

The present computations, as well as those made by use of the
Tobak-Wehrend theory,21 are for a 6-deg equivalent cone.

It can be seen that the present approximate theory does as
well as any of the other much more complex theories in
predicting the experimental results, and it does it over the
complete speed range of O^M^ <oo. Figure 7 demonstrates
that both the present theory and the Tobak-Wehrend theory21

produce predictions that are in excellent agreement with the
damping measured in free-flight (and consequently, without
the sting interference problems discussed in Ref. 8) on a 10-
deg sharp cone at supersonic Mach numbers.22 The agreement
is almost as good with the measured damping of a 12.5-deg
sharp cone23 after the experimental data have been corrected
for sting interference (see Ref. 8 and Fig. 8).
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A systematic investigation of slender cones of varying cone
angle and nose bluntness24 has provided a wealth of ex-
perimental data against which the present analytic method can
be checked. Figure 9 shows that present predictions agree with
the test results within the scatter of the experimental data.
Note that the high-test Reynolds number eliminates the sting
interference problem discussed in Ref. 8. Figure 9 demon-
strates, therefore, that the present analytic method can predict
the unsteady aerodynamics of sharp and blunted slender
cones over the complete Mach number range of 0 ̂ M^ < „.

O

——————— PRESENT THEORY

—— —— — TOBAK THEORY

O Q O EXPERIMENT
CORRECTED DATA
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Fig. 8 Predicted and measured damping of a 12.5-deg sharp cone.

In Fig. 10, present predictions of ogive-cylinder dynamics
are compared with experiment.25 The agreement is rather
good. At transonic and low supersonic speeds, the shoulder
expansion and downstream shock-boundary layer interaction
will have to be included for ogive- and cone-cylinder bodies.
This can be done by extension of the analytic methods
described in Refs. 26 and 27. However, this is beyond the
scope of the present paper, and only the subsonic charac-
teristics are predicted.

Figure 11 shows that present predictions are rather good
also for cone-cylinders of considerable length,28 at least at
high subsonic speeds. The low Mach number trend of the
experimental data is peculiar (compare Figs. 10 and 11). It has
been shown recently29 that the loads induced by asymmetric
vortices on slender bodies at high angles of attack increase
with increasing slenderness ratio and decrease with increasing
Mach number, becoming of negligible magnitude at transonic
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Fig. 10 Comparison between predicted and measured damping of
ogive-cylinder bodies.
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Fig. 9 Comparison between predicted and measured damping of a series of slender blunted cones.
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Fig. 11 Predicted and measured damping of cone-cylinder bodies.
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Fig. 12
body.
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Predicted and measured pitch damping for an ogive-cylinder

speeds. A similar trend is expected for the loads induced by
symmetric vortices. The loads induced by leading edge
vortices on slender wings also decrease with increasing
(subsonic) Mach number.6 It can be seen in Fig. 11 that the
deviation between experiment and inviscid theory exhibits
exactly the data trend expected of vortex-induced loads. As
the experiment28 was performed at a = 0 with oscillation
amplitudes between 3 and 6 deg, one would not expect bona
fide vortex-induced loads to be present. However, viscous
crossflow effects similar to those discussed in Ref. 30 are
precursory to flow separation with associated symmetric
vortex shedding and should, therefore, show the same
dependence on Mach number and body slenderness. Fur-
thermore, such pseudo-separation effects are dynamically
stabilizing30 and could, consequently, explain the ex-
perimental data trend in Fig. 11.

Results for a long ogive-cylinder are shown in Fig. 12. The
agreement with experimental data31 is better for the present
theory than for the more complicated theory of Ref. 32. It can
be noted that no subsonic Mach number trend, such as was
exhibited in Fig. 11, is detectable in the experimental data in
Fig. 12. Although the less slender body geometry could be
partially responsible for this difference, the main reason is
simply that the test was performed with amplitudes below 3
deg. The pseudo-separation effects30 become large only just
prior to flow separation. Thus, the effects are practically
negligible at the small flow inclinations of this test.32

At higher angles of attack and/or larger oscillation am-
plitudes, the viscous crossflow effects have to be included.
However, as long as the flow inclinations are well below those
causing flow separation, the viscous effects can probably be
neglected. According to a recent review of experimental
data,33 the symmetric vortex shedding on ogive- and cone-
cylinders will start when the effective flow inclination is in the
region 1.2/(//c) <«<2.1/ ( l / c ) , or between a. = 10 and 18 deg
for the body in Fig. 12. Well below this angle of attack, the
viscous crossflow effects are assumed to be negligible in the
present analysis. The ex-characteristics for the body in Fig. 12
support this assumption (Ref. 31 and Fig. 13).
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Fig. 13 Effect of angle of attack on the damping of an ogive-cylinder
body.31

Conclusions
An analysis of slender vehicle dynamics has given the

folio wing results:
1) The Newtonian sharp-cone characteristics can be

modified to agree with Method of Characteristics com-
putations by accounting for the specific heat-ratio deviation
from unity. This modified Newtonian theory can be used with
sufficient accuracy down to a moderately low supersonic
Mach number determined by the nose slenderness.

2) Combining this 7-corrected Newtonian theory with
previously developed analytic means to account for the effect
of nose bluntness provides the capability to compute the
vehicle dynamics of slender blunted cones at supersonic and
hypersonic speeds.

3) For subsonic speeds, a modification of slender-body
theory provides simple analytic means for prediction of
pointed and blunted slender vehicle dynamics.

4) The end points of the supersonic and subsonic predic-
tions are connected by a straight line fairing.

5) The slender vehicle dynamics computed by the present
analytic method agree well with experimental results and with
the predictions by other more complicated theories.
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